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ABSTRACT 

We construct a zero curvature formulation, in superspace, for the sTB-B hierarchy 
which naturally reduces to the zero curvature condition in terms of components, thus 
solving one of the puzzling features of this model. This analysis, further, suggests a sys- 
tematic method of constructing higher dimensional representations for the zero curvature 
condition starting with the fundamental representation. We illustrate this with the ex- 
amples of the sTB hierarchy and the sKdV hierarchy. This would be particularly useful 
in constructing explicit higher dimensional representations of graded Lie algebras. 
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1. Introduction: 

The supersymmetric integrable models [1-5] have drawn a lot of attention in recent 
years for a variety of reasons. One among them is their connection with the superstring 
theories through the matrix models. In this connection, it is a particular supersym- 
metrization of the bosonic integrable models that has proved interesting[6]. In a recent 
paper [7], we studied, in detail, the properties of such a theory, namely, the sTB-B hierar- 
chy which reduces to all other familiar ()-B theories under suitable field redefinitions or 
reductions. One of the puzzling features to emerge from this study was the fact that the 
zero curvature formulation of this hierarchy, in superspace, can be given in terms of 2 x 2 
matrices belonging to SL(2) © U(l) which is related to the second Hamiltonian structure 
of the Two Boson (TB) hierarchy. Unlike other supersymmetric integrable models, how- 
ever, this does not reduce to the component zero curvature formulation. In fact, as we 
showed in [7], the component zero curvature formulation of this hierarchy can be given 
in terms of 4 x 4 graded matrices belonging to OSp(2\2). Thus, there are two puzzling 
features. First, it is not clear what is the zero curvature condition in superspace which 
will naturally reduce to the zero curvature formulation of the components. Second, nei- 
ther SL(2) © U(l) nor OSp(2\2) is related to the second Hamiltonian structure of the 
hierarchy which, surprisingly, turns out to be fermionic and, consequently, the relation 
between the second Hamiltonian structure and the zero curvature formulation is all the 
more puzzling. 

We have nothing to say about this second puzzle at this point. However, in this 
note, we wish to point out that there is, in fact, a zero curvature formulation of this 
hierarchy in superspace which naturally leads to the zero curvature condition in terms 
of the components. This analysis, in fact, also enables us to study higher dimensional 
representations of the zero curvature conditions for integrable models. This, in turn, 
can be used to study the higher dimensional representations of graded Lie algebras. Of 
course, the general properties of the representations of graded Lie algebras are quite well 
known[8-13]. However, this provides a method for constructing explicit representations 
which may be useful. In section 2, we review briefly the known results on the zero 
curvature formulation of the sTB-B hierarchy[7] and, then, derive the zero curvature 
condition, in superspace, in terms of 4 x 4 graded matrices belonging to OSp(2\2) which 
naturally reduce to the component zero curvature conditions. In section 3, we give the 
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zero curvature condition for the sTB hierarchy[14] in terms of 3 x 3 graded matrices 
belonging to OSp(2\2) and then explain how one can systematically construct a 4 x 4 
representation or any higher representation of the zero curvature condition starting from 
this. In section 4, we describe the construction of 3 x 3 as well as 4 x 4 representations 
of the zero curvature condition for the sKdV hierarchy and present a brief conclusion in 
section 5. 

2. Zero Curvature Condition for sTB-B: 

The sTB-B hierarchy is described in terms of a Lax operator 

L — D 2 — (D(f) ) + D~ 2 (D(j) 1 ) (1) 
and a nonstandard Lax equation, in superspace, of the form 

Wa = WhuL] (2) 
Here 0o and <pi are fermionic superfields and 

06 ^ dx 

represents the supercovariant derivative whose square is d x . (We refer the readers to [7] 
for details about the notation and the hierarchy.) 

The conventional zero curvature formulation starts from the linear problem associated 
with the system given by 

L X = (D 2 - (D0 O ) + D-^DfaVx = A X (3) 
where A is the spectral parameter. From this, it can be easily shown that 



X \ ( X 

) Al [ (D- 2 (D^)x) 



A+Wo) -1 \( X ) U) 

(Dfa) ) I {D- 2 {D^) X ) ) 



Similarly, we can define another 2x2 matrix 



Ao= ( C e) (5) 
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associated with the time evolution of the linear wave function, namely, 

9t ( (D~ 2 ( Dh) X ) ) = A ° ( (D- 2 Wi)x) ) 

It is now straightforward to show that the zero curvature condition associated with these 
two potentials, namely, 

d t A 1 -d x A - [A ,Ai] = 
would lead to the sTB-B hierarchy provided 

A = E + B x -(\ + (D<p ))B 
C = E x -B{D ( j )l ) 

Furthermore, the dynamical equations describing the hierarchy are given by 
•9 Wo) 



(6) 



dt 
Wi) 
dt 



= B xx + 2E x -[B(\ + (D<f> ))] x 
= E xx - 1B X {D^) - B(D 3 (f)i) + E x {\ + (£><fo)) 



(7) 



The two potentials, Aq and A\ clearly belong to SL{2) © U(l) which is related to the 
second Hamiltonian structure of the TB hierarchy. Because of the nature of the Q-B 
supersymmetrization, it is clear that a zero curvature formulation would necessarily arise 
where the superfield potentials belong to the same symmetry algebra as the bosonic theory. 
However, as was already pointed out in [7], these potentials do not lead to a component 
zero curvature description in a natural way. 

On the other hand, it was already shown in [7] that the component zero curvature 
formulation for the hierarchy results from the component potentials of the form 
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( A + Jo 
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where the functions satisfy the conditions 

F = K + G X -(X + J )G 



(8) 
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H = K X -GJ 1 

P = S + Q x -(\ + J )Q-i// G 

r = S x - J X Q - i/j[G 



(9) 



These component potentials, in contrast to the superfield potentials of eqs. (ED-©, are 
graded matrices belonging to the algebra OSp(2\2). The higher dimensional representa- 
tion of OSp(2\2) of the form 

[b c) 

where each element is a 2 x 2 block is quite interesting and has been described in detail 
in [12]. Thus, there appears to be no relation between the zero curvature formulation in 
superspace and the component formulation which is one of the puzzles mentioned in the 
introduction. 

We now derive a zero curvature condition associated with sTB-B hierarchy in super- 
space which naturally reduces to the component potentials of eqs. (0) and (§). Let us 
start with the linear eqution in (§) and apply D 2 to it. Then, we will obtain 



(jD 4 _ (A + Wo ) )jD 2 + _ (jD 3 0q))x = q 

If we now redefine the superfield wavefunction, x, as 

,(D- 2 (A+(D0 O ))) 



(10) 



X 



X 



then, eq. ( JTOj ) would become 

(D 4 +(HWop 2 + Wi))x = 



(12) 



^From eq. (12|), it is easy to show that 



d. 
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(D 2 X ) 
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(D 2 X ) 
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/A + Wo) (Dfa) 
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P 2 0o) 


A + Wo 



(D 2 ^) \ f (D* X ) \ 

(D X ) 
(Dfa) (D 2 X ) 

o / V x 



(13) 
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It is, then, straightforward to show that the graded matrix (associated with the time 
evolution of the wave function) 



( A, A 2 {DA,) (DA 2 ) \ 

B E (DB) (DE) 

Ax A 2 

V B E ) 



(14) 



together with A\ from eq. ( |i~3|) would yield the sTB-B hierarchy of equations in eq. (|^), 
from the zero curvature condition, provided 

A x = E + B x -E(\ + (Dcf) )) 

A 2 = E x -B{D<p l ) (15) 



There are several things to note here. First, the potentials .4.0 an d A\ in eqs. (|14|) and 
(|13|) respectively are graded matrices belonging to OSp(2\2) exactly of the same form as 
in eq. (||). Second, if we expand these as 

A),i = «o,i + 0Oo,i (16) 

then, it is obvious that — corresponds to the component potentials of the zero curvature 
condition in eqs. (|^). (Here T stands for the transpose of the matrix.) This, therefore, 
completes the derivation of a zero curvature formulation, in superspace, of the sTB-B 
hierarchy which naturally reduces to the component zero curvature condition. However, 
the other issue of how the fermionic Hamiltonian structures of this hierarchy are related 
to the symmetry algebra OSp(2\2) remains unclear at this point. 

3. Higher Dimensional Representation for sTB: 

Normally, all the zero curvature formulations of integrable models that we know of 
are in the fundamental representation of the symmetry algebra. However, the analysis of 
the previous section is very interesting from a completely different point of view, namely, 
it shows how one can construct, systematically, higher order representations of the zero 
curvature condition starting from that in the fundamental representation. This, in turn, 
can be quite useful, particularly in the case of supersymmetric systems, since it allows us 
to construct explicit higher dimensional representations of graded Lie algebras. We will 
discuss this with some examples. 



5 



First, let us consider the sTB hierarchy[4] described by the Lax operator 

L = D 2 - (D(f> ) + D~ Vi 
and the nonstandard Lax equation 

The linear problem, associated with this system, is given by 

L X = (D 2 - (D4> ) + D"Vi)x = Ax 
Operating with D on eq. (|19D, we obtain 

(D 3 - (A + (£tyo))£> + 0i - (£ 2 o ))x = 
Let us next define the variables 



(17) 



18) 



(19) 



(20) 



Xi = X 

X2 = (Dxi) 

X3 = (DX2) 



(DX) 
(D 2 X) 



In terms of these variables, the linear equation in (EO) becomes 

(D X3 ) - (A + (D0 o ))x 2 + (0i - (£ 2 0o))Xi = 
Furthermore, it is easy to obtain from eqs. and (|22"D that 



/ X3 

Xi 

V X2 



X3 

M | xi 

X2 

A + Wo) -Wi) + (^o) 0i 

1 

-0i + (D 2 0o) A + (D0 O ) 



X3 

Xi 

X2 



(21) 



(22) 



(23) 



If we now define another graded matrix of the form (associated with the time evolution 
of the wave function) 

I A B C \ 
Ao=\EF G (24) 
V H J (A + F) ) 

then, it is straightforward to check that the zero curvature condition 



d t Ai-d x Ao- [Ao,Ai] = 



leads to the sTB hierarchy of equations provided 

F = (DG)-E X 

H = —G + (DE) 

A = (DG)+E(\ + (D0 Q )) 

B = (DG x )~E xx + E(-(D ( p 1 ) + (D 3 ( p )) + G(-<p 1 + (D 2 ( p )) 

J = G x -(DE x )+E(- ( f )l + (D 2 ( j )o )) 

C = G x + E<p 1 + G(\ + (D<f )o )) 

The dynamical equations of the hierarchy are given by 
d(D0 o ) 



(25) 



dt 



dt 



[2(DG) -E x + E{\ + Wo))L + M2G - (DE)) - ^ X G 
G xx + (Efa)* + G X (X + (D<j) )) + (DfaG) + Esfa 



(26) 



This provides a zero curvature formulation of the sTB hierarchy in terms of potentials 
belonging to the fundamental representation of OSp(2\2). We note here that the zero 
curvature formulation of sTB is already known [14]. However, we have derived it differently 
here which readily lends itself to a higher dimensional generalization. We also note here 
that the sTB hierarchy is known to reduce to the sKdV hierarchy when A = and <po = 0. 



Imposing this consistently, we note from eq. (|26D that we must have, in this case, 

G=\(DE) (27) 



in addition to the other conditions in eq. ([25]) . 

In trying to generalize the zero curvature to the next higher dimensional representation 
of OSp(2\2), namely, the 4x4 representation, we define, in addition to the relations in 
eq. @, 

X4 = (D X3 ) = (D 3 X ) (28) 
In this case, the linear equation, (p2f) , becomes 

(29) 



X4 = (A + Wo))X2 + (-0 + {D 2 ^))xi 



^From eqs. (J2I] 



and (P9|), it is easy to obtain that 

d x 
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where 



A 1 



\ 



A+ Wo) 
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-0i + (D 2 4 



-(Dfa) + (£> 3 0o) 0i 



-0! + (D 2 0o) A + (£)0 O ) 

(A + Wo))(-0i + P 2 0o)) (A + Wo)) 2 

+(-(D 2 0i) + (D 4 0o)) +P 3 0o) 



\ 









(30) 



/ 



^From eq. (|30|), we note that the first 3x3 block of this matrix is the same as A\ of 
eq. (|2"B|). Let us next define 



An 



( A 
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C 
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F 


G 
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(A + F) 





\ M 
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P 


o 1 



(31) 



where, once again, the first 3x3 block is the same as Ao in eq. (|24|) . The structures of 
the matrices in eqs. ( |3~0"D and (|31|) guarantee that the dynamical equations of (|26|) would 
automatically follow with the same conditions as in eq. (^) from the first 3x3 block of 
these matrices. The additional conditions coming from the time evolution of the elements 
in the fourth row only provide consistency conditions and determine 



M 
N 
P 



(A + (D(p ))H + E(-(f>i + (£> 2 o )) 

J x + (A + F)(-0! + (D 2 o )) + Hi-iDfa) + (-D 3 0o)) 

A x + B- Ei-iDfa) + (D 3 0o)) - <t>iH +(A + F)(X+ (Dfo)) 

-Gi-fa + (D 2 cf) )) 



(32) 



These consistency conditions can also be derived by analyzing the time evolution equation 
for the wave function of the linear equation. This, therefore, gives a zero curvature formu- 
lation of the sTB hierarchy for potentials belonging to the 4-dimensional representation of 
OSp(2\2) and it is clear that this method can be generalized to obtain the zero curvature 
formulation for any higher dimensional representation. 

4. Higher Dimensional Representation for sKdV: 

The second Hamiltonian structure of the sKdV hierarchy is known [3] to be the su- 
perconformal algebra. Correspondingly, the zero curvature formulation of the sKdV hi- 
erarchy is known in terms of potentials belonging to OSp(2\l) [14-15]. In this section, we 
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will describe how the zero curvature formulation can be extended to any higher dimen- 
sional representation of OSp(2\l). First, let us review briefly the standard zero curvature 
formulation in a way that will generalize to higher dimensional representation easily 
The sKdV hierarchy is described in terms of the Lax operator 



L = D A + D(j) 

and the standard Lax equation 

8L r 2n + l "I 

The linear equation associated with this hierarchy is given by 

L X = (-D 4 + D(f>)x = 
This can also be equivalently written as 

(D 3 + <P) X = 
Let us now define, as in the previous section, 

Xi = X 

X2 = (D X i) = (D X ) 
X 3 = (D X 2) = (D 2 X ) 

Then, the linear equation of eq. fl36|) can be written as 

(D X3 ) + 4>Xi = o 

^From this, we can easily show that 

~{D<f>) <P 

1 
0-0 



X3 ^ 




( X3 




= Ax 


Xi 


X2 J 




V X2 




(33) 



(34) 



(35) 



(36) 



(37) 



(3? 



(39) 



As before, let us define the matrix A® associated with the time evolution of the wave 
function of the linear equation as 



(40) 





f A 
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A = 
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\H 
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(A + F) 
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Then, it is straightforward to show that the zero curvature condition 

dtAx- d x A -[A^Ai\ =0 
leads to the sKdV hierarchy of equations provided 



G 
C 
A 
B 



H = \{DE) 
-J= l -{DE X )+Ect ) 



-F 
1 



-Err 



2 E xx -E{D ( j>)--{DE) ( j> 



Furthermore, the dynamical equation of the hierarchy is given by 
^ = \{DE XX ) + {Ecj>) x + \{DE){D4>) + \e x 



(41) 



(42) 



This gives the zero curvature formulation of the sKdV hierarchy in the fundamental 
representation of OSp(2\l) and it can be compared with eq. (^) with proper identifica- 
tions. To go beyond the fundamental representation, we again define, as before, 



X4 = (Dxs) = (D 3 X ) 
so that the linear equation, (|38D , becomes 

Xa = ~(f>Xi 

It now follows from eqs. 



(43) 



(44) 



m and (H) that 



( * 3 ^ 




( Xs \ 


Xi 


= Ai 


Xi 


X2 


X2 


V X4 J 




V X4 / 



/ o 
1 



V -4 



(Dcf>) \ / xs \ 

xi 

X 2 

o o / V X4 J 





-(D 2 



(45) 



Once again, we note that the first 3x3 block is nothing other than A\. We can again 
define 



An 



( A 
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C 
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G 





H 


J 


(A + F) 





V M 


N 


P 


o J 



(46) 



where the first 3x3 block is An. From the structure of the matrices in eqs. ( f4"5] ) and 
(Pjl), we note that the dynamical equation (f4"2"D is guaranteed with the identifications in 
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eq. PH ) from the first 3x3 block. The additional equations arising from the elements in 
the fourth row only provide consistency conditions and determine 

M = -Ecj) 

N = -C x -G(D<j>) 

P = G4> (47) 

which can also be determined from an analysis of the time evolution of the wave function 
associated with the linear equation. 

This provides a generalization of the zero curvature formulation for the sKdV hierarchy 
to 4-dimensions. This can also be compared with the reduction resulting from the four 
dimensional representation of the sTB hierarchy of the previous section. We note here 
that OSp(2\l) does not have an irreducible representation of dimension 4. This, therefore, 
appears to correspond to a reducible representation of OSp(2\l) for j = + ~. However, 
the five dimensional, adjoint representation is not hard to construct as the discussion 
shows. 

6. Conclusion: 

We have obtained a zero curvature formulation of the sTB-B hierarchy, in superspace, 
which naturally reduces to the component zero curvature formulation. This solves one 
of the puzzling features found in connection with this hierarchy. Our analysis further 
suggests a systematic way of generating the zero curvature formulation to any higher 
dimensional representation of the symmetry algebra for any integrable hierarchy. This, in 
turn, may be quite useful in constructing explicit higher dimensional representations of 
graded Lie algebras. We have shown how the method works for the sTB and the sKdV 
hierarchies. 
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